The purpose of this note is to prove that if A and B are unital C * -algebras and φ : A → B is a unital * -preserving ring homomorphism, then φ is contractive; i.e., φ(a) ≤ a for all a ∈ A. (Note that we do not assume φ is linear.) We use this result to deduce a number of corollaries as well as characterize the form of such unital * -preserving ring homomorphisms.
Introduction
In recent years there has been a great deal of interaction between ring theory and the study of C * -algebras in functional analysis. Consequently, one is often led to ask whether well-known results for C * -algebras are really consequences of their ring structure.
One of the first facts a student of C * -algebras learns is that a * -homomorphism between C * -algebras is contractive, and hence also continuous. Specifically, if A and B are C * -algebras and φ : A → B is a * -homomorphism (i.e., φ is linear, multiplicative, and preserves the * -operations) then φ(a) ≤ a for all a ∈ A.
The purpose of this note is to show that the same conclusion holds when the map is a * -preserving ring homomorphism that is not necessarily linear.
We develop a new approach to prove this fact in Theorem 3.6 and deduce a number of corollaries. Furthermore, we use these results to characterize such homomorphisms in Proposition 3.9, where we show each is always a direct sum of a linear * -preserving homomorphism and a conjugate-linear * -preserving homomorphism.
We hope the results presented here will be of interest to algebraists as well as functional analysts. Consequently, we will do our best to keep the exposition accessible to readers outside of functional analysis and to provide the necessary background on C * -algebras and their relevant properties.
Background
Recall that a C * -algebra is defined to be a Banach algebra A over the complex numbers (i.e., A is an associative complex algebra with a submultiplicative norm · for which A is complete) together with a * -operation (i.e., an involution that is conjugate-linear and anti-multiplicative) satisfying the C * -identity: x * x = x 2 for all x ∈ A. If A is a C * -algebra, the Gelfand-Naimark Theorem states that there is a Hilbert space H and an isometric * -preserving representation π : A → B(H). Thus C * -algebras give an abstract characterization of closed * -subalgebras of bounded operators on Hilbert space.
One of the fundamental results in the study of C * -algebras is that if φ : A → B is a map between C * -algebras that is linear, multiplicative, and preserves the * -operations, then φ(a) ≤ a for all a ∈ A. The standard way that this is proven (see [2, Theorem 2.1.7], for example) is as follows: One first realizes that by considering unitizations of C * -algebras, it suffices to restrict to the case that A and B are unital C * -algebras and φ is a unital homomorphism. Next one shows that if a ∈ A is selfadjoint (i.e., a * = a), then a is equal to the spectral radius r(a) = sup{|λ| : λ ∈ C and a − λ1 A is not invertible in A}.
Then, using the properties of φ, one can see that
so that r(φ(a)) ≤ r(a), and φ(a) ≤ a for any selfadjoint a ∈ A. For a general a ∈ A, we may use the result of the previous sentence and the C * -identity to obtain φ(a) 2 = φ(a) * φ(a) = φ(a * a) ≤ a * a = a 2 , so that φ(a) ≤ a for all a ∈ A. When φ is a unital * -preserving homomorphism that is not necessarily linear, the proof above fails because one cannot conclude that φ(a − λ1 A ) is equal to φ(a) − λ1 B , and thus cannot deduce the containment shown in ( †). Nonetheless, we are still able to prove the result by developing a new approach that uses some elementary C * -algebra techniques.
The main result
There are examples of unital * -preserving ring homomorphisms that are not linear (and hence not * -homomorphisms in the category of C * -algebras). For example, the map φ : C → C given by complex conjugation, φ(z) = z, is a ring homomorphism that is unital and * -preserving, but not linear.
The proof of our main result will involve a common trick of relating the value of the norm to positivity of certain 2 × 2 matrices. Recall that an element a of a C * -algebra A is positive if a is selfadjoint and the spectrum of a is a subset of the nonnegative real numbers. One can show that a is positive if and only if a = v * v for some v ∈ A [2, Theorem 2.2.5]. In addition, if A is represented as bounded operators on a Hilbert space H, then an operator T in A is a positive element if and only if T x, x ≥ 0 for all x ∈ H. 
Proof. We represent A on Hilbert space π : A → B(H) and set T := π(a).
If T ≤ r, then for any vectors x, y ∈ H we have
Conversely, if T > r, then there exist unit vectors x, y ∈ H such that T x, y < −r and the above inner product is negative.
. Thus for any k ∈ Q, we may write k = n/m with m, n ∈ Z, and then φ(ka)
Theorem 3.6. If A and B are unital C * -algebras and φ : A → B is a unital * -preserving ring homomorphism, then φ is contractive; i.e., φ(a) ≤ a for all a ∈ A. Consequently, φ is also continuous.
Proof. Suppose a = r. Let k ∈ Q with k ≥ r. Then a ≤ k, and Lemma 3.4 implies that k1 A a a * k1 A ≥ 0 and k1 A a a * k1 A = V * V for some V ∈ M 2 (A). Since φ : A → B is a unital * -preserving ring homomorphism, we see that φ 2 : M 2 (A) → M 2 (B) is a unital * -preserving ring homomorphism.
. However, using the definition of φ 2 and Lemma 3.5 we have
The continuity of φ follows from the fact that any bounded map between metric spaces is continuous. Proof. Let a ∈ A and r ∈ R. Choose a sequence {k n } ∞ n=1 ⊆ Q with lim k n = r. Then lim k n a = ra, and using Lemma 3.5 and Theorem 3.6 we have that φ(ra) = φ(lim k n a) = lim φ(k n a) = lim k n φ(a) = rφ(a). , φ(a) = a for all a ∈ A) .
Proof. If φ is isometric, then it is easy to see that φ must be injective, since φ(a) = 0 implies a = φ(a) = 0 and hence a = 0. Conversely, suppose that φ is injective. Define · 0 : A → [0, ∞) by a 0 := φ(a) . We see that · 0 is a seminorm because a
, and using Corollary 3.7, for any a ∈ A and λ ∈ C, we have
so that λa 0 = |λ| a 0 . In addition, · 0 is a norm since whenever a 0 = 0 we have φ(a) = 0, and φ(a) = 0, and the injectivity of φ implies that a = 0. Finally, · 0 is a C * -norm on A because a 2 0 = φ(a) 2 = φ(a) * φ(a) = φ(a * a) = a * a 0 . Since A is a C * -algebra, there is a unique C * -norm on A (see, for example, [2, Corollary 2.1.2]), and hence · 0 = · . It follows that φ(a) = a for all a ∈ A.
The following proposition shows that any unital * -preserving ring homomorphism between C * -algebras decomposes as a direct sum of a linear * -preserving ring homomorphism and a conjugate-linear * -preserving ring homomorphism. Proposition 3.9. If A and B are unital C * -algebras and φ : A → B is a unital * -preserving ring homomorphism, then there exist projections P, Q ∈ B such that P and Q commute with im φ, the projections satisfy P + Q = 1 B , the map φ 1 := P φ is a linear * -preserving ring homomorphism from A to B, and the map φ 2 := Qφ is a conjugate-linear * -preserving ring homomorphism from A to B. Thus φ = φ 1 + φ 2 and φ is the direct sum of a linear * -preserving ring homomorphism and a conjugate-linear * -preserving ring homomorphism.
Moreover, if the C * -subalgebra of B generated by im φ has trivial center (i.e., the center is {λ1 B : λ ∈ C}), then either φ 1 = 0 or φ 2 = 0, and φ is either linear or conjugate linear.
Proof. Without loss of generality, we may assume that im φ generates B. (If not, simply replace B by the C * -subalgebra of B generated by im φ.) Let T := −iφ(i1 A ). Since im φ generates B, we see that T is in the center of B. Using the properties of φ we have that 
Since φ 1 and φ 2 are real linear by Corollary 3.7, it follows that φ 1 is complex linear and φ 2 is conjugate linear. Finally, we see that if the C * -subalgebra of B generated by im φ has trivial center, then because P and Q are orthogonal projection in this center, it must be the case that either P = 0 or Q = 0, and hence either φ 1 = 0 or φ 2 = 0. Corollary 3.10. If A is a unital C * -algebra and φ : A → B(H) (respectively, φ : A → M n (C)) is a unital * -preserving ring homomorphism that is surjective, then φ is either linear or conjugate-linear. Corollary 3.11. If φ : C → C is a unital * -preserving ring homomorphism, then either φ is equal to the identity map (i.e., φ(z) = z for all z ∈ C) or φ is equal to the complex conjugation map (i.e., φ(z) = z for all z ∈ C). Remark 3.12. Readers familiar with the theory of C * -algebras will note that Proposition 3.9 is reminiscent of a famous theorem of Kadison: any Jordan * -isomorphism between von Neumann algebras is the direct sum of a * -isomorphism and a * -anti-isomorphism [1, §10.5.26 ]. Note, however, that Proposition 3.9 is different from Kadison's result. Specifically, the Jordan * -isomorphism, * -isomorphism, and * -anti-isomorphism of Kadison's result are all assumed to be linear. In addition, Proposition 3.9 does not require the homomorphism to be an isomorphism or the C * -algebra to be a von Neumann algebra. Remark 3.13. If A and B are unital C * -algebras, then the kernel of a unital * -preserving ring homomorphism φ : A → B is always a C * -algebra ideal of A: To see that ker φ is closed under scalar multiplication note that if a ∈ ker φ and λ ∈ C, then φ(λa) = φ(λ1 A a) = φ(λ1 A )φ(a) = φ(λ1 A ) · 0 = 0, so λa ∈ ker φ. Thus the quotient A/ ker φ is a C * -algebra. However, the image of φ is not necessarily a C * -algebra. For example, the map φ : C → M 2 (C) given by φ(z) = ( z 0 0 z ) has an image that is not closed under scalar multiplication, and thus not a C * -algebra. Remark 3.14. Suppose φ : A → B is a * -preserving ring homomorphism between C * -algebras that is not necessarily unital. If A is a unital C *algebra, and if we let B 0 be the C * -subalgebra of B generated by im φ, then the map φ : A → B 0 obtained by restricting the domain is a unital *preserving ring homomorphism between C * -algebras. Thus, while all results in this paper are stated for unital * -preserving ring homomorphisms between C * -algebras, it is possible (by restricting the codomain) to apply the results whenever one has a * -preserving ring homomorphism from a unital C *algebra into another C * -algebra.
